Abstract. In his work on the Farrell-Jones Conjecture, Arthur Bartels introduced the concept of a "finitely F -amenable" group action, where F is a family of subgroups. We show how a finitely F -amenable action of a finitely generated group G on a compact metric space, where the asymptotic dimensions of the elements of F are bounded from above, gives an upper bound for the asymptotic dimension of G. We generalize this to families F whose elements are contained in a collection, C, of metric families that satisfies some basic permanence properties: If G is a finitely generated group and each element of F belongs to C and there exists a finitely F -amenable action of G on a compact metrizable space, then G is in C. Examples of such collections of metric families include: metric families with weak finite decomposition complexity, exact metric families, and metric families that coarsely embed into Hilbert space.
Introduction
The celebrated Farrell-Jones Conjecture asserts that certain "assembly maps" are isomorphisms. This conjecture is central to the modern study of high dimensional topology, see [Lüc10] and [Bar] for an overview. Building on his approach in [Bar16] , Bartels formulated the following concept of a "finitely F -amenable action" in order to relate some of the key geometric conditions used to establish the Farrell-Jones Conjecture for many classes of groups to various notions of amenability arising in geometric group theory and analysis ([Bar17, Remark 0.4]).
Definition ([Bar17, Definition 0.1]). Let F be a family of subgroups of G and let N be a non-negative integer. A G-action on a space X is N-F -amenable if for any finite subset (2) for all x ∈ X there is a U ∈ U with S × {x} ⊆ U.
A G-action is called finitely F -amenable if it is N-F -amenable for some N.
Bartels employed finitely F -amenable actions to elucidate the conditions used by Bartels, Lück and Reich in [BLR08] and by Bartels and Lück in [BL12a] to prove the FarrellJones Conjecture for word hyperbolic groups and, respectively, for CAT(0) groups. In particular, he showed that if G is a group that admits a finitely F -amenable action on a compact, finite-dimensional, contractible ANR, then G satisfies the K-theoretic FarrellJones Conjecture relative to F , [Bar17] . A similar statement holds for the L-theoretic Farrell-Jones Conjecture. Bartels and Bestvina established the Farrell-Jones Conjecture for mapping class groups by showing that the action of a mapping class group on the Thurston compactification of Teichmüller space is finitely F -amenable, where F is the family of virtual point stabilizers, [BB] . The notion of finite F -amenability has also been studied by Sawicki [Saw17] in the guise of equivariant asymptotic dimension.
In this paper, we study the coarse geometric applications of finitely F -amenable actions. Willet and Yu observed (see [Bar16, Remark 1.3 .5]) that if there is a uniform bound on the asymptotic dimension of the groups in F , then a group G that admits a finitely F -amenable action on a compact metrizable space X must have finite asymptotic dimension. Motivated by this observation, we establish the following theorem using methods that allow us to extend it in a natural manner to a more general setting.
Theorem (Theorem 4.4). Let G be a finitely generated group and F be a family of subgroups of G. If there exists an N-F -amenable action of G on a compact metrizable space X and asdim(F ) ≤ k for each F ∈ F , then asdim(G) ≤ N + k.
A metric family is a set whose elements are metric spaces. A permanence property of a collection C of metric families is an operation that when applied to members of C yields another member of C. Our proof of the above theorem generalizes to families of subgroups whose elements are contained in a collection of metric families that satisfies some basic permanence properties.
Theorem (Theorem 4.5). Let G be a finitely generated group, F be a family of subgroups of G, and C be a collection of metric families satisfying Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence.
If there exists an N-F -amenable action of G on a compact metrizable space and each F ∈ F belongs to C, then G is N-decomposable over C.
In the case C is the collection of metric families with asymptotic dimension at most k, Theorem 4.5 reduces to Theorem 4.4. This depends on the fact that if a metric family X N-decomposes over the collection of metric families with asymptotic dimension at most k, then asdim(X ) is at most N + k, which we prove in Theorem 2.16. Theorem 4.5 also applies to the collection D, of metric families with finite decomposition complexity (abbreviated to "FDC"), and to the collection wD, of metric families with weak finite decomposition complexity (abbreviated to "weak FDC"), concepts introduced by Guentner, Tessera and Yu in [GTY12] . A metric family X is said to be weakly decomposable over a collection C if, for some non-negative integer n, X is n-decomposable over C (see Definition 2.1) and X is strongly decomposable over C if X is 1-decomposable over C. The collection D is the smallest collection of metric families that contains all bounded metric families (that is, metric families whose elements have uniformly bounded diameters) and is stable under strong decomposition. The collection wD is the smallest collection of metric families that contains all bounded metric families and is stable under weak decomposition. FDC and weak FDC are interesting conditions because they have important topological consequences. A finitely generated group with weak FDC satisfies the Novikov Conjecture, and a metric space with FDC and bounded geometry satisfies the Bounded Borel Conjecture, [GTY12, GTY13] . These results were obtained via an analysis of assembly maps in L-theory and topological K-theory.
Two other collections of metric families of importance for the Novikov Conjecture are:
• E, the collection of exact metric families ([GTY13, Definition 4.0.8]), and
• H, the collection of metric families that are coarsely embeddable into Hilbert space (see Definition 2.11).
It follows from [STY02, Theorem 6.1] that a countable group, equipped with a proper left-invariant metric, in H satisfies the Novikov Conjecture. Note that wD ⊂ E ⊂ H.
Moreover, both E and H satisfy Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence. Since wD, E and H are each stable under weak decomposition, we get the following corollary to Theorem 4.5.
Corollary (Corollary 4.7). Let C be equal to wD, E or H. Let G be a finitely generated group and F be a family of subgroups of G such that each F ∈ F belongs to C. If there exists a finitely F -amenable action of G on a compact metrizable space, then G is in C.
In [Bar17], Bartels proved that if a countable group G is relatively hyperbolic with respect to peripheral subgroups P 1 , . . . , P n , then the action of G on its boundary is finitely P-amenable, where P is the family of subgroups of G that are either virtually cyclic or subconjugated to one of the P i 's. Thus, we obtain the following application of Theorem 4.5 to relatively hyperbolic groups.
Theorem (Theorem 4.8). Let G be a finitely generated group that is relatively hyperbolic with respect to peripheral subgroups P 1 , . . . , P n , and let C be a collection of metric families satisfying Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence. If C contains P 1 , . . . , P n and the infinite cyclic group Z, then G is N-decomposable over C for some N.
While Bartels and Lück succeeded in verifying the Farrell-Jones Conjecture for CAT(0) groups [BL12a, BLR08] , it is still unknown if CAT(0) groups always have finite asymptotic dimension (Question 5.1). Theorem 4.4 suggests a possible approach to this question. Let Y be a finite dimensional CAT(0) space on which the CAT(0) group G acts geometrically. Let F be the family of virtual abelian subgroups of G. If it is true that Caprace's refined boundary, ∂ fine ∞ Y , as defined in [Cap09] has a compact metrizable topology for which the G-action on it is finitely F -amenable (Question 5.2) then G has finite asymptotic dimension (Proposition 5.3).
For the reader's convenience, in the Appendix ( §6) we collect some facts that we need about uniform simplicial complexes.
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Decomposition Over a Collection of Metric Families
In this section, we treat aspects of the coarse geometry of metric families needed for the proofs of our main technical results in Section 3. We recall the notion of n-decomposition, introduced by Guentner, Tessera and Yu as a generalization of finite asymptotic dimension, [GTY12] . Permanence properties of certain important collections of metric families are discussed. We show that if a metric family X is n-decomposable over the collection of metric families with asymptotic dimension at most k, then asdim(X ) is at most n + k (Theorem 2.16). This result plays an important role in our proof of Theorem 3.4.
Definition 2.1. Let r > 0 and n be a non-negative integer. The metric family X is (r, n)-decomposable over the metric family Y, denoted X (r,n)
Definition 2.2. Let n be a non-negative integer, and let C be a collection of metric families. The metric family X is n-decomposable over C if for every r > 0 X is (r, n)-decomposable over some metric family Y in C.
Following [GTY12] , we say that X is weakly decomposable over C if X is n-decomposable over C for some non-negative integer n, and X is strongly decomposable over C if X is 1-decomposable over C. Example 2.4. Let X be a metric space. The statement that the metric family {X} is n-decomposable over B is equivalent to the statement that asdim(X) ≤ n.
The following definition is equivalent to Bell and Dranishnikov's definition of a collection of metric spaces having finite asymptotic dimension "uniformly" ([BD04, Section 1]).
Definition 2.5. Let n be a non-negative integer. The metric family X has asymptotic dimension at most n, denoted asdim(X ) ≤ n, if X is n-decomposable over B.
Definition 2.6. Let D be the smallest collection of metric families containing B that is closed under strong decomposition, and let wD be the smallest collection of metric families containing B that is closed under weak decomposition. A metric family in D is said to have finite decomposition complexity (abbreviated to "FDC"), and a metric family in wD is said to have weak finite decomposition complexity (abbreviated to "weak FDC").
Clearly, finite decomposition complexity implies weak finite decomposition complexity. The converse is unknown.
Next, we recall some terminology introduced in [GTY13] that generalizes basic notions from the coarse geometry of metric spaces to metric families.
Let X and Y be metric families. A map of families, F : X → Y, is a collection of functions F = {f : X → Y }, where X ∈ X and Y ∈ Y, such that every X ∈ X is the domain of at least one f in F . The inverse image of Z under F is the subspace of X given by 
(2) A map of metric families, F : X → Y, is a coarse equivalence if for each f : X → Y in F there is a map g f : Y → X such that: (i) the collection G = {g f } is a coarse embedding from Y to X ; and (ii) the composites f • g f and g f • f are uniformly close to the identity maps id Y and id X , respectively, in the sense that there is a constant C > 0 with
Definition 2.8. A collection of metric families, C, satisfies Coarse Permanence if whenever Y ∈ C and F : X → Y is a coarse embedding, then X ∈ C.
Guentner, Tessera and Yu proved that both D and wD satisfy Coarse Permanence [GTY13, Coarse Invariance 3.1.3]. It is straightforward to check that the following collections of metric families also satisfy Coarse Permanence.
Example 2.9. Collections of metric families that satisfy Coarse Permanence:
(1) B, the collection of bounded metric families.
(2) A, the collection of metric families with finite asymptotic dimension. (3) A n , the collection of metric families with asymptotic dimension at most n. (4) E, the collection of exact metric families (see Definition 2.10).
(5) H, the collection of metric families that are coarsely embeddable into Hilbert space (see Definition 2.11).
Definition 2.10. A metric family X = {X α | α ∈ I} is exact if for every R > 0 and every ε > 0, each X α ∈ X admits a partition of unity {φ Uα } subordinate to a cover U α such that:
(ii) α∈I U α is a bounded metric family.
Definition 2.11. A metric family X = {X α | α ∈ I} is coarsely embeddable into Hilbert space 1 if there is a family of Hilbert spaces H = {H α | α ∈ I} and a map of metric families
The collection of all metric families that are coarsely embeddable into Hilbert space is denoted by H.
Exactness was introduced by Guentner and is closely related to Yu's Property A (see [Gue14, Section 5.2] for a discussion). One of the goals of Yu's definition was to obtain a property that would imply coarse embeddability into Hilbert space and that is relatively easy to verify. In particular, E ⊂ H. Note that there are examples of discrete groups that lie in H but not E. These concepts arose in conjunction with Yu's highly impactful work on the Novikov Conjecture, [Yu98, Yu00, STY02] . Definition 2.12. A collection of metric families, C, satisfies Finite Amalgamation Permanence if the following holds.
It follows from [GTY13, Fibering Theorem 3.1.4] that the collection of metric families with finite decomposition complexity, D, and the collection of metric families with weak finite decomposition complexity, wD, satisfy Finite Amalgamation Permanence (also see [KNR, Theorem 5 .6] for a proof).
In the absence of Finite Amalgamation Permanence, we can still obtain the following elementary fact.
Lemma 2.13. Let Z be a metric space and let X = {X α | α ∈ I} be a collection of metric subspaces of Z. Then, for a fixed natural number m, the metric family X α 1 ∪ · · · ∪ X αm α 1 , . . . , α m ∈ I is (r, m)-decomposable over X for every r > 0.
Proof. Immediate from Definition 2.1. Indeed, for every r > 0, each
A basic property of asymptotic dimension is that if A and B are metric subspaces of some larger metric space, then asdim(A ∪ B) = max asdim(A), asdim(B) . This is also true for metric families, a fact known as Finite Union Permanence.
Definition 2.14. A collection of metric families, C, satisfies Finite Union Permanence if the following holds. Let n ∈ N and let X , X 1 , . . . , X n be metric families. If every X i ∈ C and for each X ∈ X there exist
Theorem 2.15. Let G be a finitely generated group with finite symmetric generating set S, and let m be a natural number. Let H 1 , . . . , H m be subgroups of G and H m be the metric
Proof. This follows from the fact that the collection of metric families with asymptotic dimension at most k satisfies Finite Union Permanence [Gue14, Theorem 6.3].
The next result is needed to establish Theorem 3.4.
Theorem 2.16. If X is a metric family that is n-decomposable over A m (the collection of metric families with asymptotic dimension at most m) then asdim(X ) ≤ m + n.
The proof of this theorem, which begins with following lemma, is an adaptation of the Kolmogorov trick used in [BDLM08] to study the asymptotic dimension of metric spaces.
We denote the number of elements of a finite set F by #F .
Lemma 2.17. Let X be a metric family that is n-decomposable over A m and let k be a nonnegative integer. Given r > 0, for each X ∈ X there is a decomposition X = X 0 ∪· · ·∪X n+k such that,
Proof. The proof proceeds by induction on k (our method is adapted from the proof of [BDLM08, Theorem 2.4]). The base case of the induction, k = 0, is the given assertion that the metric family X is n-decomposable over A m . Assume that the Claim is valid for the integer k. Let r > 0. For each X ∈ X , there is a decomposition X = X 0 ∪ · · · ∪ X n+k such that, for every x ∈ X, #T x ≥ k + 1 and X i = 3r-disjoint X ij and
be the collection of subspaces of the form
where I = {i 1 , . . . , i k+1 } consists of k + 1 distinct elements of {0, . . . , n + k} and
} be another set of k + 1 distinct elements of {0, . . . , n + k}. If I = I ′ then clearly any two distinct sets of the form X I,J and
for some ℓ / ∈ S x , a contradiction. Hence, x ∈ X S X ,J ⊂ X ′ n+k+1 and so #T ′ x ≥ k + 2. This completes the induction step.
Proof of Theorem 2.16. By Lemma 2.17, given r > 0, for each X ∈ X there is a decompo-
for X * , that is, for r > 0 as above there are covers U ij of X ij ∈ X * such that,
and T x are subsets of {0, . . . , m + n}, a set with m + n + 1 elements. Since x ∈ X ij implies that S x ⊂ S ′ x , it follows that for µ ∈ S ′ x ∩ T x , there exists j and U ∈ U µj µ with x ∈ U. This shows that V = V 0 ∪ · · · ∪ V m+n is a cover of X . It follows that asdim(X ) ≤ m + n.
We conclude this section by stating three alternative definitions (established in [NR] ) for a metric family X to be n-decomposable over a collection of metric families C. Condition (C) is a key technical tool needed for the proofs of Theorems 3.4, 3.5 and 3.7.
In what follows, let X = {X α | α ∈ I} be a metric family, where I is a countable indexing set, and let C be a collection of metric families. Let n be a non-negative integer.
Condition (A).
For every d > 0, there exists a cover V α of X α , for each α ∈ I, such that:
(i) the d-multiplicity of V α is at most n + 1 for every α ∈ I; and (ii) α∈I V α is a metric family in C.
Condition (B).
For every λ > 0, there exists a cover U α of X α , for each α ∈ I, such that:
(i) the multiplicity of U α is at most n + 1 for every α ∈ I;
(ii) the Lebesgue number L(U α ) ≥ λ for every α ∈ I; and (iii) α∈I U α is a metric family in C.
Condition (C).
For every ε > 0, there exists a uniform simplicial complex K α and an ε-Lipschitz map ϕ α : X α → K α , for each α ∈ I, such that:
The following is proved in [NR, Propositions 3.1 and 3.3].
Proposition 2.18. Let X be a metric family and C be a collection of metric families that satisfies Coarse Permanence. Then Conditions (A), (B) and (C) are each equivalent to Definition 2.2.
Decomposition of a Group Over a Collection of Metric Families
In [Bar16] , Bartels reformulated, in geometric group theoretic terms, the conditions that he used with Lück and Reich in [BLR08] and with Lück in [BL12a] to prove the FarrellJones Conjecture for word hyperbolic groups and, respectively, for CAT(0) groups. Willet and Yu observed (see [Bar16, Remark 1.3.5]) that a group satisfying these conditions must have finite asymptotic dimension. In this section, we approach this fact from the viewpoint of metric families in Theorem 3.5 allowing us to give a generalization that applies to more general coarse geometric notions (Theorem 3.7). The conditions used by Bartels in [Bar16] , which are of a technical nature, evolved into his notion of finitely F -amenable actions in [Bar17]. We formulate our results using this language in Section 4. Recall that given a group G together with a finite symmetric generating set S ⊂ G, the length of g ∈ G with respect to S is the non-negative integer
The corresponding left-invariant word length metric on G is given by
Any two such finite generating sets for G yield quasi-isometric metric spaces. An equivalent characterization of "G-equivariant up to ε" is given by the next Lemma.
Lemma 3.2. A map f : X → Y as in Definition 3.1 is G-equivariant up to ε if and only if for all g ∈ G and x ∈ X, d f (gx), gf (x) ≤ ε g S .
Proof. Assume d f (gx), gf (x) ≤ ε g S for all g ∈ G and x ∈ X. If s ∈ S then s S = 1 and so d f (sx), sf (x) ≤ ε, that is, f is G-equivariant up to ε.
Assume d f (sx), sf (x) ≤ ε for all s ∈ S and x ∈ X. We use induction on the word length, g S , of g ∈ G to show that d f (gx), gf (x) ≤ ε g S . If g S = 1 then g ∈ S and the conclusion is clear. Assume that the induction hypothesis is true for all elements of length n. Let h ∈ G have length n + 1. Then, h = sg, where s ∈ S and g S = n. Thus,
verifying the induction step.
Lemma 3.3. Let G be a finitely generated group with finite symmetric generating set S. Let X and Y be left G-spaces, and let d be a left-invariant metric on Y . Let f : X → Y be a map that is G-equivariant up to ε. Then, for any x ∈ X, the map
Proof. Making use Lemma 3.2 we have,
that is, ϕ x is ε-Lipschitz.
A uniform simplicial complex is the geometric realization of an abstract simplicial complex endowed the the ℓ 1 -metric, denoted d 1 (see the Appendix, §6).
Theorem 3.4. Let G be a group with finite symmetric generating set S, and let k and n be non-negative integers. Assume that for every ε > 0 there is a compact G-space X, a uniform simplicial complex E equipped with a simplicial G-action, and a map f : X → E such that
(ii) f is G-equivariant up to ε (Definition 3.1),
where G v is the stabilizer subgroup of v and is viewed as a metric subspace of G.
Then asdim(G) ≤ n + k.
Proof. We will show that G is n-decomposable over A k , the collection of metric families with asymptotic dimension at most k. Then, by Theorem 2.16, asdim(G) ≤ n + k.
We proceed by showing that G satisfies Condition (C) with respect to n and A k . Let ε > 0 be given. Then there is a compact G-space X, a uniform simplicial complex E equipped with a simplicial G-action, and a map f : X → E that satisfy assumptions (i), (ii) and (iii). By Lemma 6.10, we can assume that f factors through the identity map id : E w → E, where E w denotes the underlying set of E topologized with the weak topology determined by the collection of closed simplices of E (note that the weak topology and the metric topology on E need not coincide, see Proposition 6.8).
The space E w is a CW-complex whose n-skeleton is the union of all the closed simplices of E of dimension at most n. Since X is compact and f is continuous (as a map into E w ), f (X) is a compact subset of E w and, thus, is contained in the union of finitely many simplices of E.
Let E f be a finite subcomplex of E with f (X) ⊂ E f , and let {v 1 , . . . , v m } be the vertex set of E f . Let G v i = g ∈ G gv i = v i be the stabilizer of v i . For each vertex w of
Fix x ∈ X and define ϕ x : G → E by ϕ x (g) = gf (g −1 x); it is ε-Lipschitz by Lemma 3.3.
If v is a vertex of E, then
More generally, we have
Therefore, G is n-decomposable over A k .
Guentner, Willet and Yu showed that when F is the family of finite groups, then the action of G on X has finite dynamic asymptotic dimension [GWY17, Theorem 4.11].
We wish to generalize Theorem 3.4 to allow for isotropy groups that are contained in a collection of metric families with sufficiently nice properties.
Theorem 3.5. Let C be a collection of metric families that satisfies Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence. Let G be a group with finite symmetric generating set S, and let n be a non-negative integer. Assume that for every ε > 0 there is a compact G-space X, a uniform simplicial complex E equipped with a simplicial G-action, and a map f : X → E such that (i) dim(E) ≤ n; (ii) f is G-equivariant up to ε (Definition 3.1); (iii) for each vertex v ∈ E, the stabilizer subgroup G v = g ∈ G gv = v , considered as a metric subspace of G, is in C.
Then G is n-decomposable over C.
In particular, if C is also stable under weak decomposition, then G is in C.
Proof. By Proposition 2.18, the result will follow from showing that G satisfies Condition (C) with respect to n and C. Let ε > 0 be given. Then there is a compact G-space X, a uniform simplicial complex E equipped with a simplicial G-action, and a map f : X → E that satisfy assumptions (i), (ii) and (iii). As in the proof of Theorem 3.4, we can assume, by Lemma 6.10, that there is a finite subcomplex E f of E with f (X) ⊂ E f . Let {v 1 , . . . , v m } be the vertex set of E f , and let G v i = g ∈ G gv i = v i be the stabilizer of v i . Then, as established in the proof of Theorem 3.4,
is coarsely equivalent to the metric family
is in C by Coarse Permanence, and so
is in C by Finite Union Permanence. Since inclusions are a special case of Coarse Permanence,
Thus, G satisfies Condition (C) with respect to n and C, as desired.
Theorem 3.4 is a special case of Theorem 3.5 since the collection A k of metric families with asymptotic dimension less than or equal to k satisfies Coarse Permanence 2.8, Finite
Amalgamation Permanence 2.12, and Finite Union Permanence 2.14.
Remark 3.6. If in Theorem 3.5 the assumption that C satisfies Finite Union Permanence is replaced by the assumption that C is stable under weak decomposition, then we can still conclude that G is in C. Indeed, in the proof of Theorem 3.5, we know by Lemma 2.13 that
, which is in C. Thus, since C is stable under weak decomposition it follows that
is in C and the rest of the proof holds. We state this result formally below.
Theorem 3.7. Let C be a collection of metric families that satisfies Coarse Permanence, Finite Amalgamation Permanence, and is stable under weak decomposition. Let G be a group with finite symmetric generating set S, and let n be a non-negative integer. Assume that for every ε > 0 there is a compact G-space X, a uniform simplicial complex E equipped with a simplicial G-action, and a map f : X → E such that
Then G is in C.
Among the collections of metric families considered in this paper (that is, B, A, A k , D, wD, E, and H), all of them satisfy Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence. Only wD, E, and H are stable under weak decomposition 
Finitely F -amenable actions
In his work on relatively hyperbolic groups and the Farrell-Jones Conjecture, Bartels introduced the notion of a finitely F -amenable action [Bar17], where F is a family of subgroups of a given group that is closed under conjugation and taking subgroups. Such actions provide examples to which the results of Section 3 can be applied, for example relatively hyperbolic groups (see Theorems 4.8 and 4.9 below). Definition 4.1. Let X be a G-space and F be a family of subgroups of G.
(1) An open set U in X is an F -subset if there is an F ∈ F such that gU = U for every g ∈ F and gU ∩ U = ∅ for every g / ∈ F .
(2) An open cover U of X is G-invariant if gU ∈ U for all g ∈ G and all U ∈ U.
(3) A G-invariant cover U of X is an F -cover if all of the members of U are F -subsets. (1) the dimension of U is at most N; and (2) for all x ∈ X there is a U ∈ U with S × {x} ⊆ U.
Proposition 4.3. Let G be a group with finite symmetric generating set S and F be a family of subgroups of G. If there exists an N-F -amenable action of G on X, where X is compact and metrizable, then for every ε > 0 there exists a uniform simplicial complex E equipped with a simplicial G-action and a map f : X → E such that:
(iii) the stabilizer subgroup of each vertex in E is an element of F .
Proof. The proposition follows from [Bar17, Remarks 0.2-0.4], but we include a proof here for the reader's convenience. Since X is compact and metrizable, there is a metric d on G×X that is G-invariant with respect to the diagonal action [BLR08, Proposition 4.3]. Furthermore, it has the property that
for every g, h ∈ G and x ∈ X. Let ε > 0 be given. Since the action of G on X is N-F -amenable, there exists an open F -cover U of G × X of dimension at most N such that for each x ∈ X there is a U x ∈ U with B R (e) × {x} ⊆ U x , where B R (e) is the ball of radius R = (2N +2)(2N +3 ) ε in G around the identity of G. Let E = Nerve(U) equipped with the uniform metric. Then dim(E) = dim(U) ≤ N. It follows from the definition of an F -cover that the stabilizer subgroup of a vertex in E is an element of the family F . It remains to define a map f : X → E that satisfies item (ii). Recall the following
where [U] denotes the vertex of E corresponding to U. Let f : X → E be the map defined
Also note that since B R (e) × {g
For every y, y ′ ∈ G × X and U ∈ U, the triangle inequality implies
Therefore,
which is less than or equal to
Thus, for each x ∈ X,
and so,
Hence, if x ∈ X and s ∈ S
This completes the proof.
Proposition 4.3 yields the following corollaries to Theorems 3.4, 3.5, and 3.7.
Theorem 4.4. Let G be a finitely generated group and F be a family of subgroups of G. If there exists an N-F -amenable action of G on a compact metrizable space X and
Theorem 4.5. Let G be a finitely generated group, F be a family of subgroups of G, and C be a collection of metric families satisfying Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence. If there exists an N-F -amenable action of G on a compact metrizable space X and each
Theorem 4.6. Let G be a finitely generated group, F be a family of subgroups of G, and C be a collection of metric families that satisfies Coarse Permanence, Finite Amalgamation Permanence, and is stable under weak decomposition.
If there is a finitely F -amenable action of G on a compact metrizable space X and each F ∈ F belongs to C, then G is in C.
Since the collections wD, E and H all satisfy the assumptions of Theorem 4.6, we have the following corollary.
Corollary 4.7. Let C be equal to wD, E or H. Let G be a finitely generated group and F be a family of subgroups of G such that each F ∈ F belongs to C. If there exists a finitely F -amenable action of G on a compact metrizable space, then G is in C.
The main theorem of [Bar17] tells us that if a countable group G is relatively hyperbolic with respect to peripheral subgroups P 1 , . . . , P n , then the action of G on its boundary is finitely P-amenable, where P is the family of subgroups of G that are either virtually cyclic or subconjugated to one of the P i 's. Combining this with Theorems 4.5 and 4.6, we get the following results.
Theorem 4.8. Let G be a finitely generated group that is relatively hyperbolic with respect to peripheral subgroups P 1 , . . . , P n , and let C be a collection of metric families satisfying Coarse Permanence, Finite Amalgamation Permanence, and Finite Union Permanence. If C contains P 1 , . . . , P n and the infinite cyclic group Z, then G is N-decomposable over C for some N.
Proof. Let P be the family of subgroups of G whose members are either virtually cyclic or subconjugated to one of the P i 's. Note that a virtually cyclic group is coarsely equivalent to either Z or the trivial group and that any two conjugate subgroups of G are coarsely equivalent. Therefore, since C satisfies Coarse Permanence, every element of P is in C. The theorem now follows from Theorem 4.5 and the above mentioned result of Bartels, [Bar17] , that the action of such a group on its boundary is finitely P-amenable.
Theorem 4.9. Let G be a finitely generated group that is relatively hyperbolic with respect to peripheral subgroups P 1 , . . . , P n , and let C be a collection of metric families that satisfies Coarse Permanence, Finite Amalgamation Permanence, and is stable under weak decomposition. If C contains P 1 , . . . , P n and the infinite cyclic group Z, then G is in C. 
CAT(0) groups
Recall that a discrete group G is said to act geometrically on a metric space Y if it acts by isometries, the action is properly discontinuous and the quotient Y /G is compact. A CAT(0) group is a countable discrete group that admits a geometric action on some finite dimensional CAT (0) Nick Wright showed that the asymptotic dimension of a finite dimensional CAT(0) cube complex is bounded above by its geometric dimension, [Wri12] . Hence any group that acts geometrically on such a complex has finite asymptotic dimension thereby providing an abundance of examples of CAT (0) 
Appendix. Uniform simplicial complexes
In this appendix we gather some facts about uniform simplicial complexes. Given a set S and a real valued function f : S → R, the support of f is the set supp(f ) = {s ∈ S | f (s) = 0}. The real vector space with basis S is the set R S = {f : S → R | supp(f ) is finite} together with the familiar addition and scalar multiplication operations: (f + g)(s) = f (s) + g(s) for f, g ∈ R S and (λf )(s) = λf (s) for f ∈ R S and λ ∈ R. For s ∈ S define e s ∈ R S by e s (t) = 1 if t = s and e s (t) = 0 otherwise. The set {e s | s ∈ S} is the standard basis for R S and can be identified with S via the bijection
where # supp(f ) is the cardinality of supp(f ) and, by convention, 1/∞ = 0.
Proof. The conclusion is consequence of the standard inequality
applied to x = (f (s 1 ), . . . , f (s n )) where supp(f ) = {s 1 , . . . , s n }.
Let S be an infinite set. The infinite simplex with vertex set S, denoted ∆(S), is the convex hull of the standard basis of R S , that is,
Since the image of f ∈ ∆(S) lies in the the unit interval I = [0, 1], we can view ∆(S) as a subset of the product s∈S I. Recall that the product topology on s∈S I is the smallest topology such that for each t ∈ S the evaluation map ev t : s∈S → I, given by ev t (f ) = f (t), is continuous. Hence ∆(S) inherits a topology, called the strong topology, as a subspace of s∈S I. Each of the ℓ p -metrics restricts to a metric on ∆(S) and so determines a topology, namely the corresponding metric topology.
Proposition 6.2. For 1 ≤ p ≤ ∞, the ℓ p -metric topology on ∆(S) coincides with the strong topology.
Observe that U(f, r) = s∈supp(f ) ev Consider the open ball of radius r centered at f with respect to the ℓ p -metric,
1. For every x ∈ K 0 , {x} ∈ K, 2. if σ ∈ K and τ ⊂ σ and τ is non-empty then τ ∈ K.
For brevity, we sometimes write K for (K 0 , K). The dimension of σ ∈ K, denoted by dim(σ), is dim(σ) = #σ − 1. An element σ ∈ K with dim(σ) = k is called a k-simplex of K. The dimension of K, denoted by dim(K), is dim(K) = sup{dim(σ) | σ ∈ K} (the value ∞ is allowed).
The geometric realization of a simplicial complex (K 0 , K), denoted by |K|, is the subset of ∆(K 0 ) given by
The set |K| inherits the strong topology from ∆(K 0 ) which by Proposition 6.2 is the same as the metric topology determined by any of the ℓ p -metrics. A space of the form |K| is also known as a uniform simplicial complex.
The following proposition is a direct consequence of Proposition 6.1.
Proposition 6.5. Let K be a simplicial complex such that dim(K) = N < ∞. Then for all f, g ∈ |K| and 1 ≤ p ≤ q ≤ ∞,
In particular, all of the ℓ p -metrics restricted to |K| are Lipschitz equivalent.
Remark 6.6. If K is infinite dimensional and 1 ≤ p < q ≤ ∞ then the ℓ p -metric on |K| is not Lipschitz equivalent to the ℓ q -metric. Let σ n = {s n 0 , . . . , s n n } ∈ K, n ≥ 0, be a sequence of simplices in K with dim(σ n ) = n. For n ≥ 0, define f n ∈ |K| by f n = n i=0 (n + 1) −1 e s n i .
Then f n p / f n q = (n + 1) 1/p−1/q → ∞ as n → ∞. Hence for any given h ∈ |K| there cannot be a constant C such that d p (f n , h) = f n − h p ≤ C f n − h q = C d q (f n , h) for all n.
Let T ⊂ S be an inclusion of sets. Given f ∈ R T , definef ∈ R S byf (s) = 0 if s ∈ S − T andf (s) = f (s) if s ∈ T . It is straightforward to show:
1. For all f ∈ R T , supp(f ) = supp(f ), 2. the map i : R T → R S , i(f ) =f is linear, 3. for 1 ≤ p ≤ ∞, f p = f p and so i : R T → R S is isometric embedding for the ℓ p -metric,
i(∆(T )) ⊂ ∆(S).
Let (K 0 , K) be a simplicial complex. Another simplicial complex (L 0 , L) is a subcomplex of (K 0 , K) if L 0 ⊂ K 0 and L ⊂ K. If (L 0 , L) is a subcomplex of (K 0 , K) then the linear map i : R L 0 → R K 0 defined above restricts to an isometric embedding i : |L| → |K| for any of the ℓ p -metrics. The following elementary lemma is useful.
Lemma 6.7. Let (L 0 , L) be a subcomplex of (K 0 , K). Let w ∈ K 0 . If f ∈ |L| andf (w) = 0 then w ∈ L 0 .
Proof. The hypothesisf (w) = 0 implies w ∈ supp(f ) = supp(f ) ⊂ L 0 .
Let G be a group and (K 0 , K) a simplicial complex. A simplicial (left) G-action on K is a (left) G-action on the vertex set K 0 such that if {s 0 , . . . , s n } is an n-simplex of K then for any g ∈ G, {g · s 0 , . . . , g · s n } is an n-simplex of K. A simplicial G-action on K yields a left G-action on |K| via the formula (g · f )(s) = f (g −1 · s) for g ∈ G and s ∈ K 0 . Note that for a given 1 ≤ p ≤ ∞, and for all f, h ∈ |K| we have d
is, G acts by isometries on |K|.
There is another useful topology on the geometric realization of a simplicial complex.
The weak topology, also known as the Whitehead topology, on the underlying set of |K| is characterized as follows: a subset A ⊂ |K| is closed in the weak topology if and only if for every simplex σ ∈ K, the set A ∩ |σ| is closed in |σ|. We denote the corresponding topological space by |K| w . With this topology, |K| w is a CW complex with n-skeleton (|K| w ) n = {|σ| | σ ∈ K and dim(σ) ≤ n}. The weak topology is finer than the strong topology, that is, the identity map id : |K| w → |K| is continuous. A simplicial complex K is locally finite if each vertex of K belongs to only finitely many simplicies of K.
Proposition 6.8. [FP11, Proposition 3.3.4] Let K be a simplicial complex. The weak topology on the underlying set of |K| coincides with the strong topology if and only if K is locally finite.
Although id : |K| w → |K| is not a homeomorphism if |K| is not locally finite, it is always a homotopy equivalence by [Dow52, §16, Theorem 1]. The following proposition is a consequence of Dowker's theory of metric complexes (see [Dow52, §14 and (15. 2)] and note that |K| with any of the ℓ p -metrics is a metric complex in the sense of Dowker).
Proposition 6.9. Let 1 ≤ p ≤ ∞ and ε > 0 be given. There exists a continuous map h : |K| → |K| w such thath = id • h is ε-homotopic, with respect to the ℓ p -metric on |K|, to the identity map id |K| : |K| → |K|.
